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Abstract. In this paper, we show an optimal volume growth for self-shrinkers, and 
estimate a lower bound of the first eigenvalue of C operator on self-shrinkers, inspired 
' by the first eigenvalue conjecture on minimal hypersurfaces in the unit sphere. By the 

eigenvalue estimates, we can prove a compactness theorem obtained by Colding-Minicozzi 

t> : 

under weaker conditions. 
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1. Introduction 



Let X : M n — > M n+m be an isometric immersion from an n-dimensional manifold M n 
to Euclidean space M. n+m (m > 1) with tangent bundle TM and normal bundle NM along 
M. Let V and V be the Levi-Civita connection on M and W n+m , respectively. Then we 
define the second fundamental form B by, B(V, W) = {VyW) N = VyW — VyW for any 
V, W 6 r(TM), where (• • • ) N denotes the orthogonal projection into the normal bundle 
NM. The mean curvature vector H of M is given by H = trace(-B) = Y17=i -^( e «> e «)> 
where {e{\ is a local orthonormal frame field of M. 

^ . M n is said to be a self-shrinker in M n+m if it satisfies 

(1.1) H—*L. 

Here, the factor — | (when the codimension m = 1, the definition here is as the same as 
[4]) could be replaced by other negative number, while Ecker-Huisken defines H = —X N 
[8]. Self-shrinkers play an important role in the study of mean curvature flow. They are 
not only the simplest solution to the mean curvature flow equations (those where later 
time slices are rescalings of earlier) , but they also describe all possible blow ups at a given 
singularity of a mean curvature flow (abbreviated by MCF in what follows). 

After the pioneer work on self-shrinking hypersurfaces of G. Huisken [10] [11], T. H. 
Colding and W. P. Minicozzi II gave a comprehensive study for self-shrinking hypersurfaces 
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[4]. Their papers reveal the importance of the subject. For higher codimension, there is a 
few study, see [15] for example. 

There are several other ways to characterize self-shrinkers that are equivalent to the 
equation (l.l)(see [5] for hypersurface, and high codimension is similar): 

(1) The one-parameter family of submanifolds \f^tM C IR n+m satisfy MCF equations. 

(2) M is a minimal submanifold in ]R n + m endowed with the conformally flat metric of the 

\x\ 2 

conformal factor e 2n . 

(3) M is a critical point for the functional F defined on a submanifold M C R n+m by 



Self-shrinkers satisfy elliptic equations of the second order, see (1.1). It is an important 
class of submanifolds, which is closely related to minimal surface theory. We expect certain 
technique in minimal surface theory (see [17]) could be modified to study self-shrinkers. 

For a complete non-compact manifold the volume growth is important. By easy ar- 
guments we can show that any complete self-shrinker in Euclidean space with arbitrary 
codimension has Euclidean volume growth, just like the trivial self-shrinker: planes. It 
is in a sharp contrast to the complete minimal submanifolds in Euclidean space. Even 
for complete stable minimal hyper surf aces, it is still unclear whether they have Euclidean 
volume growth. 

Theorem 1.1. Any complete non-compact properly immersed self-shrinker M n in M n+m 
has Euclidean volume growth at most. 

It is natural to raise a counterpart of the the Calabi-Chern problem on minimal surfaces 
in M 3 . Is there a complete non-compact self-shrinker in Euclidean space, which is contained 
in a Euclidean ball? 

Remark 1.2. It is worthy to compare the above Theorem with the interesting result of 
Cao-Zhou on the volume growth of complete gradient shrinking Ricci soliton [3] . 

Let E n be a compact embedded minimal hypersurface in n+ 1-dimensional sphere S n+1 . 
It is well known that the coordinate functions are eigenfunctions of Laplacian operator on 
£ with eigenvalue n. In [14], S. T. Yau conjectured that the first eigenvalue of £ would 
be n. Choi- Wang, [2], proved that the first eigenvalue of £ is bounded below by n/2. 



(1.2) 
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In [1], H. I. Choi and R. Schoen gave the compactness theorem for minimal surfaces 
using the first eigenvalue estimates for Laplacian operator on S. Precisely, let N be a 
compact 3-dimensional manifold with positive Ricci curvature, then the space of compact 
embedded minimal surfaces of fixed topological type in N is compact in the C k topology 
for any k > 2. 

In [5], Colding-Minicozzi proved a compactness theorem for complete embedded self 
shrinkers in M 3 . Such compactness theorem acts a key role for proving a long-standing 
conjecture (of Huisken) classifying the singularities of mean curvature flow starting at a 
generic closed embedded surface (see [4]). 

Let A, div and d\x are Laplacian, divergence and volume element on M, respectively. 
There is a linear operator 

C = A - ^{X, V(-)) = e^div(e-^V-). 

On Euclidean space, this operator is so-called Ornstein-Uhlenbeck operator in stochastic 
analysis. So it can be seen as a generalization of Ornstein-Uhlenbeck operator. The C 

operator was introduced and studied firstly on self-shrinkers by Colding-Minicozzi in [4], 

\x\ 2 

where the authors also showed that C is self-adjoint respect to measure e * dfi. It is a 
weighted Laplacian and closely related to the self-shrinkers. 

In Euclidean space the eigenvalues of the Ornstein-Uhlenbeck is well-known. On self- 
shrinkers it is interesting to study the eigenvalues of C operator. Now, we estimate its first 
eigenvalue in a manner analogous to the arguments in [2]. For compact self-shrinkers the 
estimates is rather neat. It is also enough for the compactness applications. In fact, we 
could do it on a class of complete self-shrinkers. Now we give the definition of this type 
of manifolds. 

We say that an embedded hypersurface £ in R n+1 (with or without boundary) satisfies 
two sides do-ball condition, if there is a positive constant 6o, for any point there 
are two different open balls B U B 2 C M n+1 with radius 5 ■ min{l, 1/\X\ 2 } in E n+1 such 
that ^nS=Iand^nS = I. 

In general, a sequence of complete self-shrinkers {Mi} have not uniformly Euclidean 
volume growth where Mj satisfies two sides <5j-ball condition for some Si > 0, as we don't 
require the sequence {5i} has a uniformly lower bound. And any compact self-shrinker 
must satisfy two sides <5o-ball condition for some 5q > 0. 
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Theorem 1.3. Let M n is a complete embedded self-shrinker with two sides S^-ball condi- 
tion, then the first eigenvalue X\ for the operator C on M satisfying: Ai G [\, \]. 

By using this estimates we can estimate uniform volume growth for compact embedded 
self-shrinkers with bounded genus and can get a compactness theorem. Given a non- 
negative integer g and a constant D > 0, we let S g> D denote the space of all compact 
embedded self-shrinkers in IR 3 with genus at most g, and diameter at most D. We have a 
compactness theorem as follows. 

Theorem 1.4. For each fixed g and D, the space S 9j d is compact. Namely, any sequence 
has a subsequence that converges uniformly in the C k topology (for any k > 0) to a surface 
in S g> D- 

In Corollary 8.2 of [4], Colding and Minicozzi II proved the above theorem under 
bounded entropy, which is natural appeared in their Theorem 0.10 in [4]. 

In this paper, we always suppose that M is a smooth submanifold of the dimension 

\x\' 2 

n > 2, the function p = e 4 ,(-,-) is standard inner product of M n+m , and B r is a 
standard ball in M. n+m with radius r and centered at the origin and D r = M n B r for the 
submanifold M in M. n+m . When m = 1 (codimension is 1), let v be unit outward normal 
field of M, and (H, v) be mean curvature of M. We also write H = (H, is), which will not 
arise confusion in the context. We agree with the following range of indices 

1 < i, h k, ■ ■ ■ < n + m, 1 < a, f3, 7, ■ ■ ■ < n. 

2. Volume Growth of Self Shrinkers 

Let M be an n-dimensional complete self shrinkers in W 1+m , by (1.1), we have AX = 
H = -\X N for any X = ( Xl , ■ ■ ■ ,x n+m ) G R n+m , then(see also [4]) 

(2.1) C Xl = Ax, - \{X,Vxi) = -\(X N ,Ei) - \{X, (E.f) = ~ Xi , 

where {-Ej}™^™ is a standard basis of M. n+m and (• • • ) T denote orthogonal projection into 
the tangent bundle TM. Moreover, 



(2.2) 
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and 

(2.3) A|X| 2 = 2{X, AX) + 2\VX\ 2 = 2{X, H) + 2n = 2n- A\H\ 2 . 

Now, we give an analytic lemma which will be used in proving volume growth. 

Lemma 2.1. If f(r) is a monotonic increasing nonnegative function on [0, +oo) satis- 
fying f(r) < Cir n /(|) on [C2,+oo) for some positive constant n,Ci,C2, here C2 > 1, 
then f(r) < C^e 2n ^ ogr ^ 2 on [C2,+oo) for some positive constant C3 depending only on 
n,Ci,C 2 ,/(C 2 ). 

Proof. If f(&) = 0, then f(r) = for r > ^. So we assume /(^) > 0, then #(r) = 
log/(r) on [6*2,00) is well defined. By the assumption, on [C2,+oo) 

r 

g{r) < g(-) + logCi +nlogr. 

Let k = [ log 2 2 ] + 1, then < ^ < C2, which implies > C2 > 1- By iteration, 

g{r) <g{^) + 21ogCi +n(logr + log^) < ••• 

(2-4) r k-i r 

<9{i^) + k log Ci + n 2^ log — • 

i=o 

From (2.4) we have 

5(0 <g{C2) + &(log Ci + n log r) 

<g(C 2 ) + (-^ + l)(IogCi + nlogr) 
<logC 3 + 2n(logr) 2 , 

for some positive constant C3 depending only on n, Ci, C2, /(C2), hence by the definition 
of g, we have 

f(r) < C 3 e 2n(logr)2 

on[C 2 ,+oo). □ 

For a complete non-compact n— submanifold M in IR n+m , we say that M has Euclidean 
volume growth at most if there is a constant C so that for all r > 1, 



[ ldfi < Cr n . 
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For a complete self-shrinker M n in M ra+m , we define a functional F t on any set Q C M 
(see also [4] for the definition of Ft) by, 



Fm = j^J Q e- i &d li , for t>0. 



Theorem 2.2. Any complete non-compact properly immersed self-shrinker M n in M n+m 
has Euclidean volume growth at most. Precisely, f D Idfi < Cr n for r > 1, where C is a 
constant depending only on n and the volume of D$ n . 

Proof. We differential F t (D r ) with respect to t, 
Since 

-eT^div( e -T^V|X| 2 ) = -AIXI 2 + — V\X\ 2 ■ V\X\ 2 

At 

= -2(H, X)-2n + ^4|X T | 2 
\X\ 2 

> — 2n ( when t > 1 ), 

where in the third equality above the self-shrinker's equation (1.1) is used. Since 

V\X\ 2 = 2X T 

and the unit normal vector to dD r is p^ry, then for t > 1, 

F[{D r ) <7r-t (4t)-(f +1 ) / -div(e-^V|X| 2 )d^ 

(2 - 6) r 



/9D r 

By (2.6), we integral F((D r ) over i from 1 to r 2 > 1 and get 



(4vrr ) 2 / e d\i < (4ir) 2 / e 4 d/t. 

JD r JD r 



Then 



1 -i f ^ ^ 1 f -Kj ^ I' /" 
— e 4 ; <— / e ^^d/j, < / e 4 a/x = / e * dfi 

r " JD r ^ J D r JD r J(D r \Dr)UDr 

(2.7) 

<e~Ts / ld/x + / Id//. 
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Let f(r) = f Dr ldfi, then by (2.7), 

f(r) < 2e^r n f(^) for r > 8n. 

By Lemma 2.1, we have 

f{r) < C 4 e 2nilogr)2 for r > 8n, 
here C4 is a constant depending only on n, f{8n). Hence 

f \X\ 2 I' \ x \ 2 V^-v (Snj) 2 

/ e~ — d l i=Y, e~ — dp<Y,e- — f{8n(j + l)) 

-> M 7=0 D 8n(j+l)\ D 8nj j = Q 



3 

OO 



<C 4 ^e- * e 2n(log(8n)+log0-+l))^ < ^ 
j=0 

where C5 is a constant depending only on n, f(8n). By (2.7), we finish the proof. □ 

Let M be a complete embedded self shrinking hypersurface in ]R™ +1 with nonpositive 
mean curvature, namely, H < 0, then (X, 1/) > and M is proper. By the Theorem 
2.2, M has Euclidean volume growth. By Huisken's classification theorem(see [4], [10] 
and [11]), we obtain that the only smooth complete embedded self-shrinkers in M n+1 with 
mean curvature H < are isometric to E> k x ~R n ~ k for < k < n. 

If M is an entire graphic self shrinking hypersurface in R n+1 , then M has Euclidean 
volume growth. Then by [8], we know that M is a hyperplane, which is also obtained by 
Lu Wang [16]. 

Remark 2.3. Let M n be a complete properly immersed self-shrinker in K n+m , by (2.2), 
thenfsee also [4\) 

(2.8) / \X\ 2 p = 2n [ p. 

Jm Jm 



For any < e < \J1n, 



2V2n~e [ p< [ (\X\ 2 -2n)p=[ (2n - \X\ 2 )p < 2n [ p. 

Let n is a cut-off function satisfying n \b =\,n \^n+m\ B = and < -, then 

V2n~e [ p< [ (2n-\X\ 2 )np = 2 [ Vr, ■ ^—p <-[ p. 

V2n — e V In V2n v2ro \ V2n — e 

Hence, we conclude that there is a constant Cq, C7 depending only on n and e, such that 

(2.9) / pdfJ. <C 6 pdp. 

J M ■ / ^n(B^ 5s+e \B^_ e ) 
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Combining (2.7) and (2.9), we have 



[ ldfi < C 7 r n [ ldii. 



Corollary 2.4. Let M n be a complete non-compact properly immersed self-shrinker in 
R n+m , then F t (M) < F X {M) for anyt>0. 



Proof. Let £ is a cut-off function such that 

1 

CG-^I) = { linear 


Combining (2.5), for any t > 0, 

I -div(e- lJ *-V\X\ 2 )du 

JD r 

[ -div(e-^V\X\ 2 )Cdn 
I (V|X| 2 -VC)e-^^ + / 

JM J A 



if X G B r 
if X £ B 2r \ B r 

if ier+ ra \4, 



< 



< 



( -div(e- l -^rV\X\ 2 )(du 

JM\D r 



r JM 
which implies 

(2.10) 



2 f , . \x\ 2 
<- / \X\e « da + 



M\D r 



M\D, 
1 



I V^|2 
| X iV|2 + ^_ 2n 



JiLl 



e « ^ 



1 + -)\X\ l + 2n ) e~~du, 



lim 

r— »oo 



/ -div( 

JDr 



e~«- V|X|^ = 0. 



When < i < 1, from (2.5), we have 



| | ^ l-^l^ I I ^ 

-e~div(e"~VM|^| 2 ) < - — - - 2n, 



then 
(2.11) 



i ■ 



Ft(D r ) > ir-2(4t)-(i +1 > I -div(e'^V\X\'^)du. 

'D r 



Combining (2.10) and (2.11), we know 

F'(M) = lim F'(D r ) > 0, 

r—too 

which implies 

F t (M) < Fi(M), for < t < 1. 
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On the other hand, by (2.6), we have 

{4irR 2 )- n / 2 [ e~«kd/i < (4vr)- n / 2 / e'^du for any R>\. 

J D r J D r 

Let r go to infinite, thus we finish the proof. □ 

3. The First Eigenvalue of Self-shrinkers and Compactness Theorem 

Let R n+1 be Euclidean space with canonical metric, whose Levi-Civita connection de- 
noted by V, Laplacian denoted by A, divergence denoted by div. Let C = A — \{X, V-). 
Reilly derive a useful integral formula on Laplace operator [13] (see also [2]). Now, we 
derive a Reilly type formula for the operator C. 

Theorem 3.1. Let Q be a bounded domain in M n+1 with smooth boundary. Suppose f is 
a function defined in Q satisfying 

Cf = g in Q 

< 

f = u on d£l, 

then 

[ 9 2 P= fW 2 f?P + \ I |V/| 2 P+2 / fuCup- [ h(Vu,Vu)p-[ fl{¥£L + H)p, 
Jn Jn z Jn Jan Jan Jon z 

where h(-, •) = (B(-, •), u), B(-, ■) is the second fundamental form on d£l, v is outward unit 
normal vector field on d£l and mean curvatue H = trace(/i). 

Proof. Let {gfr}^"] 1 be a canonical basis of R n+1 , fi = and so on. By Cf = g, we 
have 

3 ~ 3 3 

and 

(3.1) \wf? = E fii + f&i = iv 2 /i 2 + (w, V 5 ) + |iwi 2 - 

Integrating the equality (3.1) by parts we get 

\ ! C\Vf\ 2 P = ! |V 2 /| 2 P+ / (V/,V 5 )p + J / |V/| 2 P 
z Jn Jn Jn z 7n 

(3.2) = / |V 2 /| 2 p+ \ I |V/| 2 P+ / (d^(pgVf)-gd^(pVf)) 

Jn z Jn Jn 
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On the other hand, choose an orthonormal frame field {ei, • • • , e n+ {\ near the boundary of 
£1 such that {ei, ■ ■ ■ , e„} are tangential to dQ,, and V ea ep = V en+1 ej = at a considered 
point in dfl, and v = e n+ \ is the outward unit normal vector, let h a p = (V ect e ( g,i/) = 
(B(e a , ep), v). Then integrating by parts 

\ [ C\Vf\ 2 p = \ [ dW(pV\Vf\ 2 ) = / ^(e i /)(e n+1 e i /) /9 
z Jq 1 Jn JdQ ~[ 

(3.3) = / /„( f)p + X (*■/)( f)p + Z^ [en+i,e a ](f)(e a f)p 

JdQ ~y JdQ ~± JdQ 

= / U(e n+1 e n+1 f)p- / f v {Cu)p + V / h a pep(f)e a (f)p. 

JdQ JdQ a i JdQ 

a,p=l 



Moreover, 



n+1 n n 

e n+l e n+1 f = ( e i e if ~ (V e ,ej) /) - ^(e a e a f) + ^ (V eQ e a ) / 

^2 q i=l a=l a=l 

= Af-Af + J2 h ™f» = Cf-Cu + ^f^fv + 

a=l 

Combining (3.2)-(3.4), we complete the proof. □ 



We would use the above Reilly type formula to estimate the first eigenvalue of C 
operator on a self-shrinker in Euclidean space. Now the ambient space is not compact. 
We need the following boundary gradient estimate for C. 

Lemma 3.2. Let £ is an n- dimensional compact embedded manifold in R n+1 , 17 be a 
bounded domain in M n+1 with dfl = £ U Sr. Here Sr is n-sphere with radius R and 
centered at the origin for any R > \/2(n + 1) + diam{Yi). We consider Dirichlet problem 

£f = in Q 

f \t.= u , f \ Sr = , 

where u is a smooth function on S, then |V/(Xq)| < 3maxxes \ U (X)\R for any Xq G Sr. 



Proof. For any X G Sr, there is a unique Y G M n+1 such that 2?fl(0)n.BR(Yo) = X . Let 
«o = maxxgs KPOI and define two barrier functions w ± (d) = ±3uo(l — exp(— d ~ 2 R )), 
d(X) = \X — Yq\ on the ball B ^ ^^ {Yq). Now, we prove that the two functions satisfy 

(i) ±Zw ± < in B vm ^(y ) n ft, 

(ii) w ± (X ) = f(X ) = 0, 



(iii) 
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w-(x)<f(x)<w+(x), x g dB VWTI (Y ) n a 
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Let Y = X - Yq, then d = \Y\, Vd = and Ad = hence 

Cw+ = {w + )'Zd+{w+)"\Vd\ 2 = («,+)" + («,+)'(iL - \^-). 

Since (w + )' = Suode 2 and = 3uo(l— d 2 )e 2 , then for anyX G 5^^pj(lo)n 

we have \X\ < R, d = \Y\ > R and 

-a 4- / ,o> d 2 -fl 2 , d 2 -fl 2 ,n -R. 

<3u (l - d 2 )e a - + 3u de ~ (- + — ) 

ct 2 

=3u e 2— (1 - d 2 + n + — d) < (since i? > y/2(n + 1) ), 

(i) is proved, (ii) is obviously. By maximum principle, we have 

1/POI < n , for any lefl. 

When X G aB^^^Fo) n ft, w + (X) = 3u (l - e" 1 / 2 ) > /(X) and w~(X) = -3u (l - 
e~ 1/2 ) < /(X), (hi) is proved. 

From comparison principle, we have 

w~(X) < f(X) < w + (X), iGB^YojnO. 
Therefore, the normal derivatives of and / satisfy 

<_ <_ ^(* >, 

which completes the proof. □ 

We define the first (Neumann) eigenvalue of self-adjoint operator C in complete self- 
shrinkers M n in R n+1 , 

A 1= inf {/ \Vf\ 2 p; [ fp = l,[ f P = o). 

/GC°°(M) [J M J M J M J 

By (2.1), we have Ai < \. From the following lemma, Ai can be attained by the first 
eigenfunction u and Ai > for any complete properly embedded self-shr inker. 

Lemma 3.3. Let M n be a complete properly embedded self-shrinker in then there 

exists a smooth function u satisfying f M u 2 p = 1, J M up = such that Cu + \\u = and 
j M \Vu\ 2 p = \ 1 . 
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Proof. By the definition of Ai, there exists a sequence {/$} satisfying 
(3.5) / f?p = l,[ f iP = and lim/ |V/i| 2 p = Ai. 

JM JM l ^°°JM 

Since Ai < 1/2, then there exists a N such that, for any i > N , J M |V/j| 2 p < 1. 
Define two Sobolev spaces L 2 (ft,p), H l (Vi,p) for any set ft C M by 
L 2 (n,p) = {f; [ / 2 p<oo} 

H 1 (n,p) = {f ; f / 2 p<ooand / |V/| 2 p < oo}. 

Since H l (D r ,p) is a Hilbert space, then there is a subsequence / nj converging to some u r £ 
H^{D T , p) weakly, and there is a subsequence / nfc . converging to some ii r +i G H l (D r+ \ : p) 
weakly and so on. Hence we can take the diagonal sequence, denoted by for short, such 
that fk converges to some uk £ H l (K,p) weakly for any compact set K C M, i.e., we 
can define u on M such that u \k= uk- By compact embedding theorem, sequence fk 
converges to u in the space L 2 (K,p) strongly for any compact set K, then 

/ u 2 p= lim / / 2 p<l 

By weak convergence in H l (D r ,p), we have 

/ (Vn • Vf k )p = lim / (V/, • V/ fc )p 

<l lim / (|V/,| 2 + |V/ fc |><^ + i / |V/ fc |V 

Hence, we obtain 



(3.6) / u^p<l, / |Vtx| 2 p< Ai. 

JM JM 

For any sufficient small e > and compact set K C R ra+1 , there exists a A; such that 
J K \u — fk\ 2 p < e, combining (3.5) and (3.6) and Cauchy inequality 

I / up\< |u-/ fe |p+| / fkP\< / \u-fk\p+ / \fk\P 
JK JK JK JK J M\K 

(3.7) <\ P \u~fk\ 2 P+\ P \fk\ 2 P 

v ' V JK JK V JM\K JM\K 



\ JK P y 7m\K P 

Since M has Euclidean volume growth, then (3.7) implies 

up = 0. 

M 
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Now we prove f M u 2 p = 1. By Logarithmic type Sobolev inequalities on self-shrinkers(see 
also [7]) 

(3-8) / \X\ 2 f 2 p<w[ |VM 2 p + 4n/ ftp. 

JM JM JM 

In fact, we multiply a smooth function g with compact support on the both sides of (2.2), 
and integral by parts, 

/ (\X\ 2 -2n)g 2 p = I (V\X\ 2 .Vg 2 )p<l [ \X\ 2 g 2 p + %f \Vg\ 2 p. 

JM JM 1 JM JM 

If we approach using such function g, we can get (3.8). 
By (3.8), we have 

r 2 [ ftp < 16 / |V/ fe | 2 p + An [ f 2 p < 16 + 4n, 

JM\D r JM JM 

then 

(3.9) / u 2 p= lim / f 2 kP =l- lim / / 2 p > 1 

Hence combining (3.6), f M u 2 p = 1. By the definition of Ai, we get f M \Vu\ 2 p = X±. Let 
us define a functional 

1(f) = [ \Vf\ 2 p-2X 1 [ fup 

JM JM 

and 7 = I M fPl Im P> then 

1(f) = I \Vf\ 2 p-2X 1 [ (f-J)up>[ \Vf\ 2 p-X 1 f ({f-J) 2 + u 2 )p 

JM JM JM JM 

= -Xi+[ IV/lV-Ax/ (/-7)2p>_ Al . 

Since /(-u) = — Ai, then the function u attains the minimum of /(•), hence | e =o I(u + 
e<£>) = for any ip £ C£°(M). By a simple computation, we have 

/ (£u + X\u)ipp = 0. 
Jm 

By the regularity theory of elliptic equations (see [9] for example), we complete the Lemma. 

□ 

Let £ be an n-dimensional manifold embedded in JR™ +1 (with or without boundary) 
satisfying two sides <5o-ball condition (see Introduction for the definition). By a simple 
observation, £ n Bx(jj^i) has only one connect component for X £ £ with |X| > 1, 
where Bx(jjqr) is a ball in ]R ra+1 with radius at point X. In fact, if there is another 
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connect component T which don't through X, then there is no two sides o~o-ball condition 
at any Y G mBx^). 

Lemma 3.4. Let VL is a bounded domain in R n+1 with c?0 G C 1 , and £ = {X G <9f2 : 
f(X) / 0} /or some function f G C 1 (0). //£ /ias a 8o -neighborhood of d£l which satisfies 
two sides 5o-ball condition and S fl Bi = 0, then 

[ \f\ 2 p<C(n,8 )d 2 [ (|V/| 2 + |/| 2 )p, 
Jon Jn 

where do = m&x{dist(x,0) : x G 0,}, C(n,8o) is a constant depending only on u,5q. 

Proof. Clearly, we can assume Sq is sufficiently small and < So < 1. Firstly, we consider 
a simple case: if Bx (j^r)^dQ belongs to a hyperplane {x n+ \ = 82} for some < 8± < 1 
and 1 82 1 < |-Xo|- 

Let T l = dn n #Xo(;p^), B f = B x (j^) n^,(6 C c °°(5x () (^t)), such that 
C I d r fi 1— 0, C l R / 1 and | V£| < 4 ^ ■ Denote x' = (xi, ■ ■ ■ , x n ), we have 

/ \f\ 2 pdx' < [ Cfpdx' = - [ (Cfp) Xn+1 dx 

JTi J{ Xn+1 =0} JB+ 

(3.10) = - J b+ (f 2 Cx n+1 P + Vf* n+1 (p - ^fCp) dx 

<C(S,)f Bt (\Xo?f + ^)pdx. 

For general case of X e {X e dn : f(X) / 0} with \X \ > 1, let T = d£l(~) B Xo (^n) 
and B+ = B Xo (j^?) n fl Now we use the standard technique of localization in PDE. 
In fact, we can assume the tangent plane at Xq is horizontal, namely, {x„+i = 03} for 
some 83 G [— X ,X ]. Then there is a function ip G C 1 (M n ) such that B + = {x G 
Bx Q ( [Xp'i^ )i x n+i > ^(^l) " " " i a^n)}- We define a transformation r : x — > y by 

= for 1 < j < n 

< 

y n+1 = x n+ i - <p(xi, ■ ■ ■ , x n ) + 8 3 , 

By two sides 5o-ball condition, we have \V(p\ < C(n,8o)\Xo\ 2 . Let f{y) = f{r~ l {y)) and 
r(i? + ) in (3.10), we have inequality 

(3.11) / \f\ 2 p<C(n,8 )\X \ 2 [ {f 2 + \Vf\ 2 )pdx. 

JT JB+ 
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For any X 1 G S, let Si = B Xl {j^z), then we choose X 2 G S \ here |j3i = 

^1(2^) and let ^2 = S X2 (p^), and we choose X 3 G E\U?=i k B i- If 

we have chosen 

Xi, ■ ■ ■ , Xk, then we choose -Xfc + i G £\Ui=i \Bi. Since S is compact, then £ C U!=i 
for some finite number L 

For such balls we have chosen, we claim 

(3.12) ^ ^("^o) for x g an. 

If X G S fc with |X| > 3max{l,<5 }, then |X - X k \ < pgp. Since X fe G M n+1 \£i and 
< Sq < 1, then we deduce \X — X^\ < 1 and 

\x-x h \<-. A ^< „ , 60 ^< 960 



\X-(X- X fc )| 2 - (|X| - LY ~ X fc |)2 - 4|X|2 • 
That is Xfc G Bx( ^x^ ), which implies the claim immediately. 

Hence combining (3.11) and (3.12), we have 

/ I/I 2 p<E/ \f?P<c{nMdlY.I (f 2 + \vf\ 2 )p 

Jan k J±B k r\Y. k JB k nn 

<C{nMdl [ (/ 2 + |V/l>- 
Jn 



□ 



Now, we give a positive lower bound of Ai for compact embedded self shrinkers, or a 
complete embedded self shrinkers with two sides <5o-ball condition. 

Theorem 3.5. Let M n is a a compact embedded self-shrinker in R™ +1 , then the first 
eigenvalue X\ of operator £ on M satisfies: \\ G (3,5]- 

Proof. Let Q. be a bounded domain in R n+1 with d£l = MU Sr, here Sr is n-sphere with 
sufficient large radius R and centered at the origin. We consider Dirichlet problem 

£f = in H 

/ \m= u , / \ Sr = , 

where u is the first eigenfunction of self-adjoint operator £ in M, i.e., £u + \\u = and 
satisfying f M u 2 p = 1. By Lemma 3.2, we get |V/(Xo)| < 3maxxeM \ U (X)\R for any 
Xq G Sr. Since 

(3.13) / f„£up = -\ 1 [ f v up = -\ 1 [ db7(p/V/) = -Ai / |V/| 2 p, 
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We can assume f M h(Vu, Vu)p < 0, or else we consider the bounded domain U with 

2 

dU = M instead of Q. Since |V f \ can not be zero everywhere, we let R go to infinite in 



For noncompact case, we have following result. 

Theorem 3.6. Let M n is a complete noncompact embedded self-shrinker with two sides 
So-ball condition in M. n+1 , then the first eigenvalue Ai of operator £ on M satisfying: 



Proof. Assume Ai < \, and we'll deduce contradiction. 

For sufficient large r, let a radial cut-off function 77 £ C^(B2r), such that rj |s 2r > 0, 

3 -g- 

V \bt= 1, W\ < t and W'\ < Let dB r = Si U S 2 and dSi = dS 2 = M n dB r . 
There exist C 3 -manifolds M r x and approach D r U S± and D r U S 2 , respectively, and 
D r C M^nM^, \{X, v) + H\ x < for any X £ M*, where v points in the domain enclosed 
by X £ M % r and i = 1,2. (see appendix A for the proof). 

Let = Q(R, r) is bounded open set enclosed by M}. and OBr for R 3> r, u is the first 
eigenfunction for Ai satisfying j M u 2 p = 1. Without loss of generality, we suppose that 
there exists a sequence {r^} go to infinite such that 



(3.14) and get Ai > \. 



□ 



^1 ^ [|; §]• 




otherwise, we consider another domain enclosed by and 8Br instead of Q. 



Now we consider Dirichlet boundary value problem 



Cf = 



in Q 



< 



/ = 



on as R u (m; \ ao 



I f = v(\X\)u 



on ZA 
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then by Theorem 3.1, we have 

0= / \V 2 f\ 2 p + \ [ IV/lV + 2 / fuC( V u)p- [ h(V(r,u),V(r,u))p 

Jn 1 Jn JD r JD r 

JdB R z JMl 1 

where the vector v points out of in the last term of the above equality. Since 

,/ n \X\ \X T \ 2 \ „\X T ? 
£v = v I ttfi n T^TT + v 



x\ 2 \x\ 3 / ' \x\ 2 ' 



then \Crj\ < C(n), combining Cu + \\u = 0, for any e > 0, 
(3.16) 

/ f v L{r\u)p = / f u (r]Cu + 2Vr] -Vu + uCr])p 

JD r JD r 



>-Xif ffuP+ f {Ur 1 '^--Vu-C{n)\U\-\u\)p 

JD r JD 2r/3 \D r/3 W 

> - X 1 [ dh7(p/V/) - C(n) / |M(^ + \u\)p 



^ J D 2r / 3 \D r / 3 

f \Vf\ 2 p-C(n) [ fll 

n JD 2r/3 \D r/3 \ 6 r 



> - Ai / |V/| 2 P - C(n) / f I'M- + e|V U | 2 + er 2 \u\ 2 ) p. 



By Lemma 3.4, 

(3.17) / < C(n, 8 ) [ (|V 2 /| 2 + 1 V/| 2 ) 

JD 2r/3 \D r/3 r Jnn(B 5r/6 \B r/6 ) v J 

By the definition of u and (3.9), 

(3.18) / 

Since ^(X, z/) + H < in M} , then combining (3.15)^(3.18) and Lemma 3.2, we get 
(3.19) 

0> / |V 2 /| 2 p+i / \Vf\ 2 p- [ h(V( V u),V( V u))p- [ f v ^-p 
Jn z Jn J D r JdB R z 

2Ai / | Vffp - C{n) ( (-^4- + e| Vu| 2 + er 2 !^ p 

Jn JD 2r/3 \D r/3 \e r / 



2 16 + 4n 

M P < ^ . 

M\D r r 



> [ |V 2 /| 2 p+(^-2A 1 ) / |V/| 2 p- f h(V(r,u)y(r,u))p 
Jn z Jn JD r 



- \ max \u(X)\ 2 I? [ p - / (|V 2 /| 2 + |V/| 2 ) P ~ C(n)e. 

2 xeBr J 9Br e Jnn(B 5 r /6 \Br /6 ) v ' 

If limR^oo J n(i?r) |V 2 /| 2 p = +oo or lmiR^oo J n( ^ R ^ |V/| 2 /9 = +oo, then we let e be suffi- 
ciently large such that \ — 2\\ — C(n ' g ' ) - > > 0, and we find this is impossible by (3.19). Now 
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let 



e 



<r,R) = J f (|V 2 /I 2 + |V/P) P , 



lnn(B 5r/6 \B r / 6 ) 

then there exists a sequence {Ri} and {r^} go to +00 such that 



lim e(ri,Ri) = lim max \u(X)\ 2 R 3 / p 



0. 



Hence by (3.19), 

(3.20) 0>lim/ |V 2 /| 2 p+(^-2A!) lim / |V/|V 

Noting that u is a smooth function satisfying Cu + \\u = and Lemma 3.4, we have 

(3.21) < / \Vu\ 2 p < C(n, 5 )r 2 [ (| V 2 /| 2 + | V/| 2 ) P, 

JD ro JnnB 2 r v 7 

for some fixed tq > 1. Then (3.20) is impossible. Therefore Ai > |. □ 

Corollary 3.7. Let M n is a complete embedded self-shrinker in R n+1 satisfying two sides 
So-ball condition, and J M f 2 p < 00, then there is a Poincare inequality 

f lf-7) 2 P<4 / |V/| 2 p, 

JM JM 

where J = j M fp/ J M p. 

Proof. If / is not a constant, let g = (J M f 2 p - J 2 • J M p)~ 1,2 {f - J), then J M gp = 
and J M g 2 p = 1- Since Ai is the first eigenvalue of self-adjoint operator C, combining the 
Theorem 3.5 and 3.6, we complete the proof. □ 

Now, let us recall a classical result of P. Yang and S.T. Yau [18]. 

Theorem 3.8. (Yang-Yau) Let {T? g ,ds 2 ) is an orientable Riemann surface of genus g 
with area Area(Y> g ). Then we have 

X (Y ) < 87T ( 1+ 9) 
Al(Ss) " Ar^aWr 

where Ai(£ 9 ) is the first eigenvalue of A on £ 9 . 

Let N 3 = (M. 3 ,(p5ij)) and M 2 is a compact embedded self-shrinker in IR 3 . Let 7j = 
gijdOidOj, V and A are the metric, the Levi-Civita connection and the Laplacian of M 
induced from N 3 , respectively. Denote the self-shrinker M with metric g by M. Let 
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gijdOidOj and dfi are the metric and the volume element of M induced from M 3 , then 
9ij = Pdij- Denote the first eigenvalue of M by Ai(M), then 

MM)= inf lM^ppi = inf kfhff^ 

f j M g lj fif 3 pdii l 

- inl — r — To j — > -, 

/m /p=° Jm / 4 

where we have used Theorem 3.5 in the last inequality in the above inequality. 
Corollary 3.9. Lei M is a compact embedded self-shrinker in M 3 u>ii/i genus g, then 

[ p<32vr(l+ 5 ), 
Jm 

moreover, 

/ ldfi < 32e3vr(l + g)r 2 , for r > 1. 

Proof. Combining (3.22) and Theorem 3.8, we get 

(3.23) / p< 32tt(1 + s). 

By (2.7) and (3.23) for r > 1, we have 

1 i /" 1 /" W 2 /" w 2 

(3.24) — e~4 / id^<— e dfi < \ e ~dfi < 32vr(l + g), 

r J D r r J D r J D r 

which implies 

(3.25) / ldfi < 32e3vr(l + g)r 2 , for r > 1. 

J D r 

□ 

For a non-negative integer g and a constant D > 0, let 5 9) d denote the space of all 
compact embedded self-shrinkers in IR 3 with genus at most g, and diameter at most D. 
Now, we are in a position to prove a compactness theorem. 

Theorem 3.10. For each fixed g and D, the space S 9> d is compact. Namely, any sequence 
has a subsequence that converges uniformly in the C k topology (for any k > 0) to a surface 
in S g> D- 

Proof. For any compact surface E in M 3 , by Gauss-Bonnet formula, we have 

(3.26) f \B\ 2 = [ H 2 -2 [ K= [ H 2 — 4vrx(£), 
Jt, Jt, Je Jt 
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where x(£) is the Euler number of surface S. If £ € S 9j d, then by (2.8), there is a X € £ 
such that |X| = \/2n. We obtain S C B D+y ^, then from (3.25), we have area estimate 

(3.27) J ldu<32e*7r{l + g)(D + V2n~) 2 . 
By (2.3), (3.26) and (3.27), we have 

(3.28) f \B\ 2 = [ l^-4vrx(S) < 32e37r(l + 5 )(D + v / 2^) 2 + 87r(c/-l). 

By Proposition 5.10 of [6] (see also [1] and [5]), we complete the proof. □ 



4. Appendix A Construction of Smooth Hypersurface with Nonpositive 

Mean Curvature 

We follow the method of W.W.Meeks, III and S.T.Yau in [12] to smooth out dD r n Si 
of D r U S\ by induction on a number of edges of D r l)Si. Let T be a connected component 
of M n n dB r , and we can assume r is a n — 1-manifold (Or else, we may deform the S\ 
to Si such that mean curvature of Si is positive under the metric (e~^r 5ij), and Si n M 

may be empty in the neighborhood of T). For any X G T, there exist a neighborhood 

\x\ 2 

U 3 X and an isometry <p : (U, (e 2n — > (<fi(U), (gij)), such that (p(TnU) is a domain 
in {xi = x n+ i = 0} plane, (f>(M D ?7) is a domain in {x n+ i = 0} plane, and (p(Si n f7) is a 
domain in {x n+ i = x{\ plane. 

If / is any function of xi, then the mean curvature of the surface defined by / is positive 
with respect to the downward direction if and only if 

(4.1) 9 11 f" + Y j a i {f) i >0, 

i=0 

here p is an integer depending on n, a\ is a function in (f>(U) n {x n+ i = 0} depending on 
gij, its first derivatives and /', and if /' is bounded, then cij is bounded. Since the mean 
curvature of / = is zero, then (4.1) implies ao = 0. We can find a function / satisfies 

/(0(o) = for i = 0, 1, 2,3, and jj^ -> Ct(t -> 0). 

Then there exists e > such that (4.1) holds in < t < e and /'(£) = t in e < t < €q 
for some eo > e. We can smooth out /' and integrate to obtain the required / satisfying 
(4.1). 
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Since T is compact, then there are finite neighborhoods to cover T and finite {ej} which 
associate to such neighborhoods. We choose the smallest e in {e^} to construct required 
/ such that the mean curvature of the surface defined by / is positive with respect to the 
downward direction. Then we deform other components of M n S± to complete the proof. 
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